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1. Introduction
Let B(H) be the space of all bounded linear operators on a complex separable Hilbert spaceH. The
singular values of a compact operator A ∈ B(H), denoted by s1(A), s2(A), . . ., are the eigenvalues of
the operator |A| = (A∗A)1/2 arranged in decreasing order and repeated according tomultiplicity. Note
that sj(UAV) = sj(A) = sj(A∗) = sj(|A|) = sj(|A∗|) for every unitary U, V and for j = 1, 2, . . . Also, it
is known that ‖A‖ = s1(A), where ‖ · ‖ denotes the usual operator norm on B(H). The direct sum of
two operators A, B ∈ B(H), denoted by A ⊕ B, is the operator deﬁned on H ⊕ H by A ⊕ B =
[
A 0
0 B
]
.
For A, B, X ∈ B(H), an operator of the form AX − XA is called a commutator. In particular, a commu-
tator of the form A∗A − AA∗ is called a self-commutator. Moreover, an operator of the form AX − XB
is called a generalized commutator.
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In [8]Kittanehprovedsingular value inequality for generalizedcommutators. This inequality asserts
that if A, B, X , Y ∈ B(H) such that X and Y are compact, then
sj(AX − YB) 2max(‖A‖ , ‖B‖)sj(X ⊕ Y) (1.1)
for j = 1, 2, . . .Moreover, he generalized recent results of Bhatia-Kittaneh [2], Kittaneh [7], andWang-
Du [9]. Some of these generalizations assert that if A, B, X ∈ B(H) such that A and B are positive, and
X is compact, then
sj(AX − XB)max(‖A‖ , ‖B‖)sj(X ⊕ X) (1.2)
for j = 1, 2, . . . If, in addition, X is positive, Kittaneh in [5] proved that
sj(AX − XA) ‖A‖
2
sj(X ⊕ X) (1.3)
for j = 1, 2, . . .
It has been shown by Zhan in [10] that if A, B ∈ B(H) are compact and positive, then
sj(A − B) sj(A ⊕ B) (1.4)
for j = 1, 2, . . . Recently Kittaneh in [5] generalized the inequality (1.4) for generalized commutators
as follows: If A, B, X ∈ B(H) such that A and B are compact and positive, then
sj(AX − XB) ‖X‖ sj(A ⊕ B) (1.5)
for j = 1, 2, . . .
Norm inequalities for self-commutators of operators have been studied by several authors. It has
been shown by Fong in [3] that if A ∈ B(H), then∥∥A∗A − AA∗∥∥ ‖A‖2 . (1.6)
Kittaneh in [6] generalized the inequality (1.6) as follows: If A, X ∈ B(H), then∥∥A∗AX − XAA∗∥∥ ‖A‖2 ‖X‖ . (1.7)
In particular, when X = An−1, we have∥∥A∗An − AnA∗∥∥ ‖A‖n+1 . (1.8)
for every integer n 1.
Thepurposeof this paper is to establish inequalities for singular valuesof commutators of operators.
In Section2weprove inequalities for singular values of operator fromwhich the inequality (1.1) follows
as a corollary. In Section 3 we obtain singular value inequalities for commutators and generalized
commutators of positive operators that generalize the inequalities (1.2)–(1.8).
2. Inequalities for operators
The main result in this section is an inequality for singular values of operators. This inequality
yields considerable generalizations of the inequalities (1.1)–(1.8). To prove this inequality, we need the
following lemma. It is an immediate consequences of the min-max principle (see, e.g., [1, p. 75] or [4,
p. 27]).
Lemma 2.1. Let A, B, X ∈ B(H) such that X is compact. Then
sj(AXB) ‖A‖ ‖B‖ sj(X)
for j = 1, 2, . . .
Now, the main result in this section is the following. It is a generalization of the inequality (1.1).
Theorem 2.2. Let A, B, X , Y ∈ B(H) such that X and Y are compact. Then
sj(AX − YB) (‖A‖ + ‖B‖) sj(X ⊕ Y) (2.1)
for j = 1, 2, . . .
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Proof. Since (AX − YB) ⊕ 0 =
[
A −I
0 0
] [
X 0
0 Y
] [
I 0
B 0
]
, then
sj(AX − YB) = sj
([
A −I
0 0
] [
X 0
0 Y
] [
I 0
B 0
])

∥∥∥∥
[
A −I
0 0
]∥∥∥∥
∥∥∥∥
[
I 0
B 0
]∥∥∥∥ sj(X ⊕ Y) (2.2)
=
√∥∥∥|A∗|2 + I∥∥∥ ∥∥∥|B|2 + I∥∥∥sj(X ⊕ Y)

√(
‖A‖2 + 1
) (
‖B‖2 + 1
)
sj(X ⊕ Y) (2.3)
for j = 1, 2, . . ., where the inequality (2.2) follows from Lemma (2.1). In the inequality (2.3) replacing
A and B by tA and tB, for t > 0, respectively, we have
sj(AX − YB)
√√√√(t2 ‖A‖2 + 1) (t2 ‖B‖2 + 1)
t2
sj(X ⊕ Y) (2.4)
for j = 1, 2, . . . and all t > 0. Since mint>0
√
(t2‖A‖2+1)(t2‖B‖2+1)
t2
= ‖A‖ + ‖B‖, it follows from the
inequality (2.4) that
sj(AX − YB) (‖A‖ + ‖B‖) sj(X ⊕ Y) (2.5)
for j = 1, 2, . . ., as required. 
An application of Theorem 2.2 can be seen as follows.
Corollary 2.3. Let A, B, X , Y ∈ B(H) such that X and Y are compact. Then
sj(AX − YB) 2max (‖A‖ , ‖B‖))sj(X ⊕ Y)
for j = 1, 2, . . .
Now, we need the following lemma. It is a consequence of the min-max principle (see, e.g., [1, p.
75]).
Lemma 2.4. Let A, B ∈ B(H) such that A and B are compact. Then
sj(A + B) sj(A) + ‖B‖
for j = 1, 2, . . .
Based on Lemma 2.4, another application of Theorem 2.2 can be seen in the following result. This
result is essential in the next section.
Corollary 2.5. Let A, B, X , Y ∈ B(H) such that X and Y are compact and let α and β be complex numbers.
Then
sj(AX − YB) (‖A − α‖ + ‖B − β‖) sj(X ⊕ Y) + ‖αX − βY‖
for j = 1, 2, . . .
Proof. Since AX − YB = (A − α)X − Y(B − β) + αX − βY , it follows from Lemmas 2.4 and 2.2 that
sj(AX − YB)  sj((A − α)X − Y(B − β)) + ‖αX − βY‖
 (‖A − α‖ + ‖B − β‖) sj(X ⊕ Y) + ‖αX − βY‖
for j = 1, 2, . . ., as required. 
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3. Commutator inequalities of positive operators
In this section we give inequalities for singular values of positive operators. First we need the
following simple lemma.
Lemma 3.1. Let A ∈ B(H) be positive and α = ‖A‖
2
. Then ‖A − α‖α.
Based on Corollary 2.5 and Lemma 3.1 we have the following two results.
Theorem 3.2. Let A, B, X , Y ∈ B(H) such that A is positive and X , Y are compact. Then
sj(AX − YB)
(‖A‖
2
+ ‖B‖
)
sj(X ⊕ Y) + ‖A‖ ‖X‖
2
for j = 1, 2, . . .
Proof. In Corollary 2.5 let α = ‖A‖
2
, β = 0, we have
sj(AX − YB) (‖A − α‖ + ‖B‖) sj(X ⊕ Y) + ‖αX‖ (3.1)
for j = 1, 2, . . . Since A is positive, it follows from Lemma 3.1 that
‖A − α‖ ‖A‖
2
. (3.2)
Now, the result follows from the inequalities (3.1) and (3.2). 
Theorem 3.3. Let A, B, X , Y ∈ B(H) such that A, B are positive and X , Y are compact. Then
sj(AX − YB) ‖A‖ + ‖B‖
2
sj(X ⊕ Y) + ‖aX − bY‖
2
(3.3)
and
sj(AX − YB)max(‖A‖ , ‖B‖)
(
sj(X ⊕ Y) + ‖X − Y‖
2
)
(3.4)
for j = 1, 2, . . . , where a = ‖A‖ and b = ‖B‖. In particular,
sj(AX − XB)max(‖A‖ , ‖B‖)sj(X ⊕ X) (3.5)
for j = 1, 2, . . .
Proof. Let α = ‖A‖
2
and β = ‖B‖
2
. It follows, from Corollary 2.5 and Lemma 3.1, that
sj(AX − YB) (‖A − α‖ + ‖B − β‖) sj(X ⊕ Y) + ‖αX − βY‖ , (3.6)
‖A − α‖α, and ‖B − β‖β. (3.7)
Now, the inequality (3.3) follows from the inequalities (3.6) and (3.7).
To prove the inequality (3.4), let α = β = max(‖A‖,‖B‖)
2
. Then by Lemma 3.1 we have
max (‖A − α‖ , ‖B − β‖) max(‖A‖ , ‖B‖)
2
. (3.8)
Now, the inequality (3.4) follows from Corollary 2.5 and the inequality (3.8). 
A particular case of the inequality (3.3) when Y = X can be written as:
sj(AX − XB) ‖A‖ + ‖B‖
2
sj(X ⊕ X) + |‖A‖ − ‖B‖ |
2
‖X‖ (3.9)
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for j = 1, 2, . . . It is clear that the inequality (3.5) is stronger than the inequality (3.9).
Let A ∈ B(H) be compact and let α be a complex number. When the Hilbert space H is inﬁnite
dimensional, then A − α need not be compact. In the rest of this section, our results are based on the
singular values of operators of the form A − α. According to that wewill restrict our results for n-by-n
matrices (or operators on an n-dimensional Hilbert space H).
First we need the following two lemmas. The ﬁrst lemma follows by direct computations while the
second lemma follows from Theorem 2.2 and Lemma 2.4 by a proof similar to that given for Corollary
2.5.
Lemma 3.4. Let A be n-by-n positive semidefinite matrix and let αj = sj(A)2 for j = 1, . . . , n. Then sj(A −
αj) = αj for j = 1, . . . , n.
Lemma 3.5. Let A, B, X , and Y be n-by-n matrices and let α,β , and γ be complex numbers. Then
sj(AX − YB)  (‖A − α‖ + ‖B − β‖) sj((X − γ ) ⊕ (Y − γ ))
+‖γ ((A − α) − (B − β)) + αX − βY‖
for j = 1, . . . , n.
Based on Lemmas 3.4 and 3.5, a generalization of the inequality (1.5) can be seen in the following
result.
Theorem 3.6. Let A, B, X , and Y be n-by-n matrices such that A and B are positive semidefinite. Then
sj(AX − YB) ‖X‖ + ‖Y‖ + ‖X − Y‖
2
sj(A ⊕ B) (3.10)
for j = 1, . . . , n. In particular,
sj(AX − XB) ‖X‖ sj(A ⊕ B) (3.11)
for j = 1, . . . , n.
Proof. It follows from Lemma 3.5 that
sj(AX − YB)  (‖X − α‖ + ‖Y − β‖) sj((A − γ ) ⊕ (B − γ ))
+‖γ ((X − α) − (Y − β)) + αA − βB‖ (3.12)
for j = 1, . . . , n and for all complex numbers α,β , and γ . In the inequality (3.12), let α = β = 0 and
γ = γj = sj(A⊕B)2 we have
sj(AX − YB)  (‖X‖ + ‖Y‖) sj((A − γj) ⊕ (B − γj))
+‖X − Y‖
2
sj(A ⊕ B) (3.13)
for j = 1, . . . , n. Since A and B are positive semidefinite, it follows from Lemma 3.4 that
sj((A − γj) ⊕ (B − γj)) = sj(A ⊕ B)
2
(3.14)
for j = 1, . . . , n. Now, the inequality (3.10) follows from the inequalities (3.13) and (3.14). 
An application of Theorem 3.6 can be seen in the following result. This result presents a reﬁnement
of the inequality (2.1), when Y = X .
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Corollary 3.7. Let A, B, and X be n-by-n matrices with polar decompositions A = U|A|, B = V |B|, and
X = W|X|. Then
sj(AX − XB)
(
‖X‖ + ‖UX − XV‖
2
)
sj(A ⊕ B) (3.15)
and
sj(AX − XB) ‖A‖ + ‖B‖ + ‖AW − WB‖
2
sj(X ⊕ X) (3.16)
for j = 1, . . . , n. In particular,
sj(AX − XA)
(
‖X‖ + ‖UX − XU‖
2
)
sj(A ⊕ A)
for j = 1, . . . , n.
Proof. We will prove the inequality (3.15), the proof of the inequality (3.16) is similar.
sj(AX − XB) = sj(U |A| X − XV |B|)
= sj(|A| X − U∗XV |B|)

‖X‖ + ‖U∗XV‖ + ‖X − U∗XV‖
2
sj(|A| ⊕ |B|) (3.17)
=
(
‖X‖ + ‖UX − XV‖
2
)
sj(A ⊕ B)
for j = 1, . . . , n, where the inequality (3.17) follows from Theorem 3.6. 
Another application of Theorem 3.6 for commutators and generalized commutators can be seen as
follows.
Corollary 3.8. Let A, B, and X be n-by-n matrices such that A and B are positive semidefinite. Then
sj(AX − XB) ‖A + X‖ + ‖B + X‖ + ‖A − B‖
2
sj(A ⊕ B)
for j = 1, . . . , n. In particular,
sj(AX − XA) ‖A + X‖ sj(A ⊕ A) (3.18)
for j = 1, 2, . . .
Proof. The result follows from Theorem 3.6 by replacing X and Y by B + X and A + X , respectively.

Now, considerable generalizations of the inequalities (1.6)–(1.8) can be seen in the following result.
Corollary 3.9. Let A and X be n-by-n matrices. Then
sj(A
∗AX − XAA∗)min
(
‖A‖2 sj(X ⊕ X), ‖X‖ s2j (A ⊕ A)
)
for j = 1, . . . , n. In particular,
sj(A
∗Am − AmA∗)min
(
‖A‖2 sj(Am−1 ⊕ Am−1), ‖A‖m−1 s2j (A ⊕ A)
)
for j = 1, . . . , n, where m 1 is an integer.
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Proof. Since max(‖|A|2‖, ‖|A∗|2‖) = ‖A‖2, it follows from the inequality (3.5) that
sj(A
∗AX − XAA∗) ‖A‖2 sj(X ⊕ X) (3.19)
for j = 1, . . . , n. Also, since sj(A∗A ⊕ AA∗) = s2j (A ⊕ A) for j = 1, . . . , n, it follows from the inequality
(3.11) that
sj(A
∗AX − XAA∗) ‖X‖ s2j (A ⊕ A) (3.20)
for j = 1, . . . , n. Now, the result follows from the inequalities (3.19) and (3.20). 
An application of Theorems 3.3 and 3.6 can be seen as follows.
Corollary 3.10. Let A and B be n-by-n positive semidefinite matrices. Then
sj(A
2 − B2) ‖A + B‖
2
sj((A − B) ⊕ (A − B)) + ‖A − B‖
2
(3.21)
and
sj(A
2 − B2) ‖A − B‖ sj((A + B) ⊕ (A + B)) (3.22)
for j = 1, . . . , n.
Proof. Observe that
A2 − B2 = 1
2
[(A + B)(A − B) − (B − A)(A + B)] . (3.23)
Since A + B is positive semidefinite, then the inequality (3.21) follows from the identity (3.23) and
the inequality (3.4). Also, the inequality (3.22) follows from the identity (3.23) and the inequality (3.10).

Another result can be seen as follows. It is a generalization of the inequality (1.3).
Theorem 3.11. Let A, B, X , and Y be n-by-n positive semidefinite matrices. Then
sj(AX − YB) max(‖A‖ , ‖B‖) + ‖A − B‖
2
sj(X ⊕ Y) + ‖aX − bY‖
2
(3.24)
and
sj(AX − YB)  max(‖A‖ , ‖B‖) + ‖A − B‖
2
sj(X ⊕ Y)
+max(‖A‖ , ‖B‖)
2
‖X − Y‖ (3.25)
for j = 1, . . . , n, where a = ‖A‖ and b = ‖B‖. In particular,
sj(AX − XB) max(‖A‖ , ‖B‖) + ‖A − B‖
2
sj(X ⊕ X) (3.26)
for j = 1, . . . , n.
Proof. Let α = ‖A‖
2
,β = ‖B‖
2
, and γ = γj = sj(X⊕Y)2 . Then by Lemmas 3.1 and 3.4 we have
‖A − α‖α, ‖B − β‖β , and sj((X − γj) ⊕ (Y − γj)) = γj (3.27)
for j = 1, . . . , n. Now, the inequality (3.24) follows from Lemma 3.5, the inequality (3.27), and the
triangle inequality.
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For the inequality (3.25), letα = β = max(‖A‖,‖B‖)
2
and γ = γj = sj(X⊕Y)2 . Then by Lemmas 3.1 and
3.4 we have
max(‖A − α‖ , ‖B − β‖)α and sj((X − γj) ⊕ (Y − γj)) = γj (3.28)
for j = 1, . . . , n. Now, the inequality (3.25) follows from Lemma 3.5, the inequality (3.28), and the
triangle inequality. 
An application of Theorem 3.11 is given in the following result for self-commutators of operators.
Corollary 3.12. Let T be an n-by-n matrix with the Cartesian decomposition T = A + iB. If A and B are
positive semidefinite, then
sj(T
∗T − TT∗)min(‖A‖ sj(B ⊕ B), ‖B‖ sj(A ⊕ A)) (3.29)
for j = 1, . . . , n.
Proof. Since T∗T − TT∗ = 2i(AB − BA), then the result follows from the inequality (3.26). 
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